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Abstract
A degree deg(f, y) is defined for every continuous function f :RN → RN , which possesses all the properties of Brouwer’s
degree provided that y is restricted to the complement of some closed set A(f ) of “asymptotic” values. Sufficient conditions are
given for A(f ) to be nowhere dense. It is also shown that, in the opposite direction, A(f ) having nonempty interior has a direct
impact on the solutions of f (x) = y, which cannot be discovered by degree arguments.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
If Ω ⊂ RN is a bounded open subset and f : Ω → RN is a continuous function, the Brouwer degree deg(f,Ω,y) is
well defined for every y /∈ f (∂Ω) and enjoys several important properties (normalization, local constancy, homotopy
invariance, etc.), which have led to a multitude of applications to various problems. The definition and properties
of the Brouwer degree can immediately be extended to the case when Ω is unbounded, provided that f is not only
continuous but also proper.
Difficulties arise when Ω is unbounded and f is not proper. Consider, for instance, the case Ω = RN. If y /∈ f (∂Br)
for r  r0, where Br denotes the open ball with center 0 and radius r in RN, then deg(f,Br , y) is independent
of r  r0. Thus, for every such y, we may define deg(f, y) := deg(f,Br , y) with r large enough. While this definition
is legitimate, deg(f, y) fails to satisfy some of the most basic properties of the usual Brouwer degree. For instance, if
N = 1 and f (x) = ex, then deg(ex, y) is defined for every y ∈ R and equals 1 if y > 0 and 0 if y  0, so that it is not
locally constant on its domain of definition. This and related shortcomings make this definition of the degree of little
value in practice.
The first aim of this paper is to show that deg(f, y) above can actually be defined without losing any property
of the Brouwer degree when f : RN → RN is an arbitrary continuous function, provided that y is restricted to the
complement of some closed subset A(f ) of “asymptotic” values. Specifically,
A(f ) := {y ∈ RN : y = limf (xn) with (xn) ⊂ RN, lim|xn| = ∞
}
. (1.1)
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then A(f ) = ∅.
The proofs of the properties of deg(f, y) for y /∈ A(f ) are routine, but the assumption needed for homotopy
invariance is perhaps not the expected one (Theorem 2.2). At any rate, the truly new question is what the set A(f )
looks like. Its size is especially relevant, since the larger A(f ), the smaller the domain of definition of deg(f, ·). In
the case of a bounded domain Ω, the image f (∂Ω) is compact, so that the domain of deg(f,Ω, ·) is large. It is even
easily seen that f (∂Ω) has empty interior if f is C1 on Ω, so that deg(f,Ω,y) makes sense for y in an open and
dense subset of RN. In contrast, there are very simple smooth functions f on RN such that A(f ) = RN (example:
N = 1, f (x) := x sinx) and hence for which deg(f, y) is defined for no y ∈ RN.
The second goal of this paper is precisely to identify nontrivial classes1 of mappings f such that A(f ) is nowhere
dense, so that deg(f, y) is defined for y in an open and dense subset of RN. The issue of the size of A(f ) has already
been considered by algebraic geometers for different purposes: The smallness of A(f ) when f is a polynomial map
was established by Jelonek in [5] (complex case) and [6] (real case). Generalizations to smooth algebraic varieties
or to C1 semialgebraic f can be found in Jelonek and Kurdyka [7] and Kurdyka, Orro and Simon [8], respectively.
In these works, the algebraic structure makes it possible to express the smallness of A(f ) in terms of dimension. In
fact, a very simple argument shows that A(f ) is a small set when f is any semialgebraic map, not necessarily C1
(Theorem 3.3(ii)).
The set A(f ) does not seem to have been investigated for more general functions.2 Obviously, if A(f ) is nowhere
dense, then f−1(y) is bounded for y in an open and dense subset of RN. However, when N > 1, this property alone
is not enough for the converse (Lemma 3.2). For C1 mappings, the most useful complementary condition seems to
be that the regular points (not values) of f are dense in RN, and this condition can easily be extended to merely
continuous mappings by using the more general concept of topologically regular point (Theorem 3.3(i)).
Somewhat unexpectedly, even though deg(f, y) is not defined for y ∈ A(f ), the investigation of A(f ) reveals that,
for “reasonable” f, the fiber f−1(y) is unbounded for most y ∈ A(f ) (Theorem 4.1), which, in particular, implies
that the equation f (x) = y has infinitely many solutions. When A(f ) is not a small set, this feature, which has no
analog for functions defined on a bounded subset of RN, makes up for the lack of a degree at the points of A(f ).
In the last section, we briefly discuss the case when the source space RN is replaced by an arbitrary open subset Ω.
All the proofs are elementary. For the classical properties of Brouwer’s degree, see Lloyd [9], Deimling [3], Fonseca
and Gangbo [4], among others. The background material about semialgebraic sets and functions occasionally used in
this paper (sometimes implicitly) can be found in the monographs [1] or [2].
2. Definition and properties of the degree
In this section, f : RN → RN is a continuous mapping. We shall repeatedly use the (obvious) fact that the set
A(f ) of asymptotic values of f (see (1.1)) is closed in RN. Throughout this section, we assume A(f ) = RN, so that
RN \ A(f ) is not empty. This issue is discussed in the next section.
It follows at once from the definition of A(f ) that f−1(K) is compact whenever K ⊂ RN \ A(f ) is compact. In
particular, f−1(y) is compact for every y /∈ A(f ). This shows that y /∈ f (∂Br) when r > 0 is large enough, so that
deg(f,Br , y) (Brouwer’s degree) is well defined and independent of r large enough. Thus, we may define
deg(f, y) := deg(f,Br, y) for r > 0 large enough. (2.1)
Because the degree is restricted to the complement of A(f ), we recover local constancy (see the introduction):
Theorem 2.1. deg(f, ·) is constant on the connected components of RN \ A(f ).
Proof. Let y ∈ RN \A(f ) be given. Since A(f ) is closed, there is an open ball B(y, δ) such that B(y, δ) ⊂ RN \A(f ).
Thus f−1(B(y, δ)) is compact and so B(y, δ)∩ f (∂Br) = ∅ if r is large enough. Thus, deg(f,Br, z) = deg(f,Br , y)
for every z ∈ B(y, δ) and deg(f,Br, z) is independent of r large enough. By (2.1), deg(f, z) = deg(f, y) for every
z ∈ B(y, δ). This completes the proof. 
1 The trivial class being that of proper maps.
2 Asymptotic values are a common theme in complex analysis, but the definition is not quite the same and the focus is on other properties.
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Theorem 2.2. Let F : [0,1] × RN → RN be continuous and set
A(F) := {y ∈ RN : y = limF(tn, xn) with (tn, xn) ∈ [0,1] × RN and lim|xn| = ∞
}
. (2.2)
If y /∈ A(F), then deg(F (0, ·), y) = deg(F (1, ·), y).
Proof. Once again, A(F) is closed and F−1(K) is compact for every compact subset K ⊂ RN \ A(F). Also,
A(F) contains
⋃
t∈[0,1] A(F(t, ·)) (but may be larger).
Let then y ∈ RN \ A(F) be given, so that F−1(y) is compact, whence y /∈ F([0,1] × ∂Br) if r is large enough.
By homotopy invariance of the Brouwer degree, deg(F (0, ·),Br , y) = deg(F (1, ·),Br , y), whence deg(F (0, ·), y) =
deg(F (1, ·), y) by (2.1). 
The usual homotopy invariance would only require y /∈⋃t∈[0,1] A(F(t, ·)) instead of y /∈ A(F). However, Theo-
rem 2.2 is false under this weaker assumption. To see this, let N = 1 and F(t, x) := tx2 + x. Clearly, A(F(t, ·)) = ∅
for every t ∈ [0,1], but deg(F (0, ·), y) = 1 = 0 = deg(F (1, ·), y) for every y ∈ R. In this example, it is easily verified
that A(F) = R, which is consistent with the degrees at t = 0 and t = 1 being different for all y ∈ R. This shows that
even though t is confined to the bounded interval [0,1], the set of asymptotic values may be dramatically different
when t is viewed as a fixed parameter or, as it should, as an extra variable.
As a simple application of Theorem 2.2, let f : CN → CN be a dominant polynomial map (i.e., Df (x˜) is invertible
for some x˜). It is proved in [5] that A(f ) is either empty or a (complex) hypersurface, so that CN \A(f ) is connected
in all cases. Thus, deg(f, y) := k  1 is independent of y ∈ CN \ A(f ). Next, let h : CN → CN be continuous with
lim|x|→∞ h(x)1+|f (x)| = 0 and set F(t, x) := f (x) + th(x). Then, A(F) = A(f ), so that deg(f + h,y) = k for every
y ∈ CN \A(f ). In particular, the image of f + h contains the open and dense subset CN \A(f ). This generalizes the
well-known case when A(f ) = ∅ (i.e., f is proper).
Parenthetically, we note that the effective calculation of deg(f,Br , y) when f is a polynomial map has been dis-
cussed by various authors; see Szafraniec [10] and references therein. By (2.1), this can be used to evaluate deg(f, y).
Other properties of deg(f, ·), such as Borsuk’s theorem (deg(f,0) is odd if f is odd and 0 /∈ A(f )) follow at once
from (2.1) and the corresponding property of the usual Brouwer degree. Additivity on domain and the excision prop-
erty are also valid, but require the definition of deg(f,Ω,y) when Ω is an arbitrary open set (not merely Ω = RN );
see Section 5.
3. The set A(f )
In this section, we give sufficient conditions for A(f ) to be nowhere dense. If f : RN → RN is continuous, a topo-
logically regular point of f is a point x ∈ RN such that f is a local homeomorphism in the vicinity of x. Clearly, the
set of topologically regular points of f is open in RN. If f is C1, the points x with Df (x) invertible (regular points)
are topologically regular points of f .
Next, we introduce the subset of A(f ) of “persistent” values of f :
Per(f ) := {y ∈ RN : f−1(y) is unbounded}. (3.1)
These persistent values are so-called because they cannot be removed by restricting f to the complement of a compact
subset. Evidently, Per(f ) ⊂ A(f ) and numerous examples show that equality need not hold. For instance, if N = 1
and f (x) = arctanx, then Per(f ) = ∅ but A(f ) = {±π2 }. This also shows that it is quite possible that none of the
points in A(f ) is a value of f. Therefore, the following result, showing that in many cases, Per(f ) and A(f ) are
“almost” the same set, is perhaps unexpected.
Lemma 3.1. Let f : RN → RN be continuous. If the topologically regular points of f are dense in RN, then A(f ) \
Per(f ) is of Baire first category in RN.
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readily seen that
Per(f ) =
⋂
m∈N
f (Um) (3.2)
and that
A(f ) =
⋂
m∈N
f (Um). (3.3)
Assume that the topologically regular points of f are dense in RN and let U∗m := {x ∈ Um: x is a topologically
regular point of f }, an open subset of RN. Note that f (U∗m) is also open in RN, so that ∂(f (U∗m)) = f (U∗m) \ f (U∗m)
and ∂(f (U∗m)) has empty interior (boundary of an open set). Since the topologically regular points of f are dense
in RN, it follows that Um ⊂ U∗m, whence f (Um) ⊂ f (U∗m) ⊂ f (U∗m). This shows that f (Um) = f (U∗m) and hence,
by (3.3), that
A(f ) =
⋂
m∈N
f
(
U∗m
)
. (3.4)
Let then y ∈ A(f ) \ Per(f ). By (3.2), there is m0 such that y /∈ f (Um0) (so that y /∈ f (U∗m0)) while, by (3.4), y ∈
f (U∗m0). From the above, y ∈ f (U∗m0) \ f (U∗m0) = ∂(f (U∗m0)) and so y ∈
⋃
m∈N ∂(f (U∗m)), a subset of first category
in RN since ∂(f (U∗m)) is closed with empty interior. 
The denseness of the topologically regular points is often satisfied in concrete problems. For instance, it holds if f
is real-analytic and Df (x˜) is invertible at some point x˜ or, more generally, if f is (continuous and) real-analytic on
an open and dense subset U of RN and Df (x) is invertible at some point of each connected component of U. In fact,
every continuous f : RN → RN can be approximated arbitrarily closely and without changing A(f ) by a continuous
(even real-analytic) function whose topologically regular points are dense in RN. Indeed, f may first be approximated
by a C1 function g such that lim|x|→∞ |g(x) − f (x)| = 0 and it is plain that things may be arranged so that Dg(x˜) is
invertible at some point x˜. Then, by a classical result of Whitney [11, Lemma 6], g can be approximated in the strong
C1 topology by a real-analytic map h such that lim|x|→∞ |h(x) − g(x)| = 0. Thus, A(h) = A(g) = A(f ) and Dh(x˜)
is invertible, so that the regular points of h are dense.
If N = 1, Lemma 3.1(i) is true without assuming that the topologically regular points of f are dense in RN (use
the intermediate value theorem). That this assumption cannot be dropped when N  2 is shown below.
Lemma 3.2. If N  2, there is a C∞ function f : RN → RN such that A(f ) \ Per(f ) is residual in RN and has
infinite Lebesgue measure.
Proof. For clarity, we begin by constructing a continuous example. Let (qn)n∈N∪{0} be an enumeration of the points
of RN with rational coordinates. Define ϕ : [0,∞) → RN by ϕ(n) := qn if n ∈ N∪{0} and ϕ(t) affine for t ∈ [n,n+1].
Then, ϕ([0,∞)) is the union of the line segments joining two consecutive points qn. This shows that ϕ([0,∞)) is
contained in the union of all the lines in RN joining two distinct points with rational coordinates. There are countably
many such lines and, since N  2, each line is a closed subset of RN with empty interior, so that ϕ([0,∞)) is of first
category in RN and has Lebesgue measure 0.
Now, define f : RN → RN by f (x) := ϕ(|x|2). Then, f is continuous and Per(f ) ⊂ f (RN) = ϕ([0,∞)) is of first
category with Lebesgue measure 0. We now show that A(f ) = RN (so that A(f ) \ Per(f ) is residual and has infinite
Lebesgue measure). Indeed, given y ∈ RN, there is a subsequence (qnk ) such that limqnk = y, i.e., limϕ(nk) = y. It
follows that if (xk) ⊂ RN is any sequence such that |xk| = √nk, then lim |xk| = ∞ and limf (xk) = y. This shows
that y ∈ A(f ) and hence that A(f ) = RN since y is arbitrary.
To find f of class C∞, just replace ϕ above by ϕ ◦ θ where θ : [0,∞) → [0,∞) is a C∞ strictly increasing
function such that θ(n) = n and θ(j)(n) = 0 for every n ∈ N ∪ {0} and every j ∈ N. This substitution does not change
ϕ([0,∞)) or the relation limϕ(nk) = y above, but now ϕ, and hence also f, is C∞. 
Remark 3.1. In spite of Lemma 3.2, various assumptions may replace the denseness of the topologically regular
points in Lemma 3.1. For instance,
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(ii) f closed: Just replace Um by Um in (3.2) and (3.3). The closedness of f then shows that Per(f ) = A(f ).
(iii) The set of topologically critical values of f is nowhere dense (where y ∈ RN is a topologically critical value if
y = f (x) and x is not topologically regular): Call C(f ) the set of topologically critical values of f and observe
that f (Um) ⊂ f (U∗m)∪C(f ), so that f (Um) ⊂ f (U∗m)∪C(f ) and hence A(f ) ⊂ (
⋂
m∈N f (U∗m))∪C(f ). This
yields A(f ) \ Per(f ) ⊂⋃m∈N ∂(f (U∗m))∪C(f ), a countable union of closed subsets with empty interior (since
C(f ) is nowhere dense by hypothesis).
(iv) f is semialgebraic: See part (ii) of Theorem 3.3 below.
In part (i) of Theorem 3.3 below, the denseness of the topologically regular points cannot be dropped (Lemma 3.2
provides a counter-example), but it may be replaced by any of the alternative assumptions mentioned in Remark 3.1.
In what follows, it will be convenient to say that f is essentially finite to one if the set of values y ∈ RN such that
f−1(y) is finite is residual.
Theorem 3.3. Let f : RN → RN be given.
(i) If f is continuous and the topologically regular points of f are dense in RN and if f is essentially finite to one,
then A(f ) is nowhere dense in RN.
(ii) If f is semialgebraic, then A(f ) is semialgebraic and dimA(f ) < N. (In particular, A(f ) is nowhere dense
in RN and has Lebesgue measure 0.)
Proof. (i) Since f is essentially finite to one, Per(f ) is of Baire first category. By Lemma 3.1(i), A(f ) = Per(f ) ∪
(A(f ) \ Per(f )) is of first category, so that it has empty interior. Since it is also closed, it is a nowhere dense subset.
(ii) Identify the domain RN of f with SN \ {∞}, where SN is the unit sphere of RN+1. Since this identification
is made via the stereographic projection (a semialgebraic map), this does not change the fact that f is semialgebraic.
Then the graph G(f ) of f is an N -dimensional semialgebraic subset of SN × RN and so the same thing is true of
its closure G(f ) in SN × RN. It follows that G(f ) \ G(f ) is a semialgebraic set and that dimG(f ) \ G(f ) < N
[2, Proposition 2.8.12]. The relation {∞} × A(f ) ⊂ G(f ) \ G(f ) now shows that {∞} × A(f ) = (G(f ) \ G(f )) ∩
({∞} × RN), so that A(f ) is semialgebraic and dimA(f ) < N. In turn, this implies that A(f ) is contained in the
zero set of a nonzero polynomial on RN, whence A(f ) is nowhere dense and has Lebesgue measure 0. 
Part (ii) of Theorem 3.3 does not even require f to be continuous (which incidentally does not affect the closedness
of A(f )), but the construction of deg(f, y) in Section 2 does not go through without the continuity of f. Theo-
rem 3.3(ii) is of course relevant when f is a polynomial map, a case already discussed in [5] and [6] and where further
properties of A(f ) are given. More generally, rational maps are semialgebraic (only everywhere defined rational maps
are relevant to this discussion).
On the other hand, if f is C1, the assumption that f is essentially finite to one in part (i) of Theorem 3.3, amounts
to assuming that f−1(y) is finite for most regular values y of f (that is, for every regular value in some residual subset
of RN ). As a special case, we obtain at once
Corollary 3.4. Let f : RN → RN be real-analytic. If Df (x˜) is invertible for some x˜ and f−1(y) is finite for every
regular value y of f, then A(f ) is nowhere dense in RN.
Dominant polynomial maps satisfy the assumptions of Corollary 3.4, but there are of course numerous other ex-
amples beyond polynomial or rational maps.
If f is C1, call K0(f ) the set of critical values of f. Sard’s theorem ensures that K0(f ) has Lebesgue measure 0
and is of first category, but it says nothing about K0(f ), which indeed may be a large set (possibly RN ). The next
corollary to Theorem 3.3 complements Sard’s theorem:
Corollary 3.5. Let f : RN → RN be C1.
(i) If the regular points of f are dense in RN and if f is essentially finite to one, then K0(f ) is nowhere dense in RN.
(ii) If f is semialgebraic, then K0(f ) is nowhere dense in RN and has Lebesgue measure 0.
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points of f, this shows that K0(f ) ⊂ K0(f ) ∪ A(f ). Thus, (i) follows from Sard’s theorem and Theorem 3.3(i), and
(ii) follows from Sard’s theorem and Theorem 3.3(ii). 
Part (ii) of Corollary 3.5 also follows from more general results about generalized critical values of semialgebraic
maps in [8], but the above argument is much simpler.
The smallness of A(f ) is also often preserved by composition:
Theorem 3.6. Let f,g : RN → RN be continuous. If f is C1 and both A(f ) and A(g) are nowhere dense in RN,
then A(f ◦ g) is nowhere dense in RN.
Proof. Since A(f ◦g) ⊂ f (A(g))∪A(f ) and A(f ◦g) is closed, it suffices to check that f (A(g)) is of first category
in RN. Since A(g) is closed and nowhere dense, this follows from the assumption that f is C1. 
For instance, Theorem 3.6 shows that A(f ◦ g) is nowhere dense if f is as in Corollary 3.4 and g is semialgebraic.
A simple example is given by f (|g1(x)|, . . . , |gN(x)|) where g = (g1, . . . , gN) is a polynomial (or rational) map.
Also, “f is C1” may be replaced by “f is a local homeomorphism” in Theorem 3.6.
4. Unboundedness of the fibers
If y ∈ A(f ), then deg(f, y) is not defined and degree arguments shed no light on the solvability of f (x) = y.
Hence, the larger A(f ), the more information seems to be lost in that regard. It follows at once from Lemma 3.1 that
it need not be so:
Theorem 4.1. Let f : RN → RN be continuous. If the topologically regular points of f are dense in RN, then Per(f )
(set of points y such that f−1(y) is unbounded) is residual in ˚Â(f ).
Proof. By Lemma 3.1, A(f ) \ Per(f ) is of first category in RN, so that ˚Â(f ) \ Per(f ) is of first category in RN.
Since ˚Â(f ) is open in RN, this implies that ˚Â(f ) \ Per(f ) is of first category in ˚Â(f ), which amounts to saying that
its complement in ˚Â(f ) is residual. 
As pointed out in the previous section, A(f ) may contain no value of f. Theorem 4.1 shows not only that this
cannot happen if A(f ) is a “large” set,3 but even that most points of A(f ) are values of f which are achieved
infinitely many times in this case. The simplest examples of mappings f with ˚Â(f ) = ∅ can be found among the
functions which are periodic in (at least) one variable, for which Per(f ) = f (RN) ⊂ A(f ). For instance, the complex
exponential when N = 2. There are of course numerous nonperiodic examples.
Corollary 4.2. Let f : RN → RN be continuous. If the topologically regular points of f are dense in RN, there is
a closed subset Σ of RN with empty interior (specifically, Σ = ∂(A(f ))) such that, if V is any (open) connected
component of RN \ Σ, then either
(i) f −1(y) is compact for every y ∈ V and deg(f, y) is defined, or
(ii) f−1(y) is unbounded for y in a residual subset of V.
Proof. First, Σ = ∂(A(f )) has empty interior (boundary of a closed set) and every connected component V of RN \Σ
is either contained in RN \ A(f ) or in ˚Â(f ). Now, if V ⊂ RN \ A(f ), (i) holds by definition of A(f ) and the results
of Section 2 and if V ⊂ ˚Â(f ), (ii) holds by Theorem 4.1. 
3 Assuming the denseness of topologically regular points.
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is essentially stable under perturbations of y. Evidently, when A(f ) has empty interior (e.g. f semialgebraic), then
part (ii) of Corollary 4.2 is vacuous.
Corollary 4.3. Let f : RN → RN be continuous. If h : RN → RN is continuous with lim|x|→∞ h(x)1+|f (x)| = 0 and if the
topologically regular points of f + h are dense in RN, then Per(f + h) is residual in ˚Â(f ).
Proof. The condition lim|x|→∞ h(x)1+|f (x)| = 0 implies that A(f + h) = A(f ) and the conclusion follows from Theo-
rem 4.1. 
If h = 0, Corollary 4.3 is just Theorem 4.1. Its value is to show that, roughly speaking, the generic unboundedness
of the fibers is not affected by suitably small perturbations. This cannot be proved directly (i.e., without involving the
set A(f )) because, unlike A(f ), the set Per(f ) is not preserved by small perturbations (except those with compact
support).
A slight modification of the example given in Lemma 3.2 shows that the assumption that the topologically regular
points of f + h are dense in RN cannot be dropped in Corollary 4.3. Indeed, it suffices to replace the sequence (qn)
of that proof (an enumeration of the points of RN with rational coordinates) by a sequence (qn) counting all the
points of QN infinitely many times. Such a sequence can be obtained from an enumeration (rn) of QN ×N by setting
qn := π(rn) where π : QN × N → QN is the projection. Then, the function f obtained as in the proof of Lemma 3.2
satisfies QN ⊂ Per(f ), and hence Per(f ) is dense in RN. Yet, Per(f ) is not residual since Per(f ) ⊂ f (RN) and
f (RN) is contained in a countable union of lines (thus of first category), so that Corollary 4.3 breaks down (with
h = 0). However, Corollary 4.3 remains true under the alternative assumptions mentioned in Remark 3.1.
In the real-analytic case, Corollary 4.3 reads
Corollary 4.4. Let f : RN → RN be real-analytic. If h : RN → RN is real-analytic with lim|x|→∞ h(x)1+|f (x)| = 0 and if
D(f + h)(x˜) is invertible for some x˜ ∈ RN, then Per(f + h) is residual in ˚Â(f ).
If N = 2 and f is the complex exponential, then A(f ) = R2 and Per(f ) = R2 \ {0}. Thus, Per(f ) need not contain
all of ˚Â(f ).
Remark 4.1. The following question is open: If A(f ) has nonempty interior and supx∈RN |h(x)| is small enough,
does A(f + h) have nonempty interior (or, at least, is it of Baire second category)? The answer is positive if N = 1 or
if f is C1 and N -periodic.
5. Generalization
For completeness, we discuss the case when f : Ω → RN is continuous and Ω is now an arbitrary open subset
of RN. We do not assume that f is continuous on Ω. Then, the degree deg(f,Ω,y) can be defined by a variant of the
procedure of Section 2, provided that y /∈ AΩ(f ), where AΩ(f ) is defined by
AΩ(f ) :=
{
y ∈ RN : y = limf (xn) with (xn) ⊂ Ω, limxn ∈ ∂Ω or lim|xn| = ∞
}
.
Once again, AΩ(f ) is closed in RN and f is proper if and only if AΩ(f ) = ∅. Also, if f is continuous on Ω,
then f (∂Ω) ⊂ AΩ(f ) and f : Ω → RN is proper if and only if AΩ(f ) = f (∂Ω) (in particular, this holds if Ω is
bounded).
Let (Ωm) be a sequence of open subsets of RN such that Ωm Ωm+1 Ω and
⋃
Ωm = Ω. If y /∈ AΩ(f ), then
f−1(y) is a compact subset of Ω, so that y /∈ f (∂Ωm) for m large enough and we may set
deg(f,Ω,y) := deg(f,Ωm,y) for m > 0 large enough, (5.1)
where the degree in the right-hand side is Brouwer’s degree. It is easily checked that this definition is independent of
the sequence (Ωm) and that (5.1) coincides with the Brouwer degree if Ω is bounded and f is continuous on Ω. Of
course, when Ω = RN, the definition of deg(f, y) in (2.1) is recovered as well.
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AΩ(f ), generalizing Theorem 2.1. The homotopy invariance in Theorem 2.2 now requires y /∈ AΩ(F) with
F : [0,1] × Ω → RN continuous and AΩ(F) given by
AΩ(F) :=
{
y ∈ RN : y = limF(tn, xn) with (tn, xn) ∈ [0,1] × Ω and limxn ∈ ∂Ω or lim|xn| = ∞
}
.
Further familiar properties may now be mentioned, which follow from (5.1) and the corresponding property for the
Brouwer degree (and the closedness of AΩ(f )). For example,
deg(f,Ω,y) = deg(f,Ω1, y) + deg(f,Ω2, y),
whenever Ω is the disjoint union Ω1 ∪ Ω2 and y /∈ AΩ(f ). Note that this implies y /∈ AΩi (f ), i = 1,2, so that the
right-hand side is defined. Also, if C ⊂ Ω is a closed subset of Ω and y /∈ f (C) ∪ AΩ(f ) (a closed subset of RN,
even though f (C) is not closed in general), then
deg(f,Ω,y) = deg(f,Ω \ C,y).
Observe that the right-hand side is defined since AΩ\C(f ) ⊂ f (C) ∪ AΩ(f ).
For the validity of the results of Section 3 in this more general setting, the definition of the set Per(f ) in (3.1) must
be modified as follows
Per(f ) := {y ∈ RN : f−1(y) is not a compact subset of Ω}.
Above, f−1(y) refers only to those points x ∈ Ω such that f (x) = y (since f is viewed as a mapping with domain Ω).
Thus, if f is defined on Ω, the possible solutions x ∈ ∂Ω of f (x) = y are not included in f−1(y). Keeping this in
mind, there is nothing to change in Lemma 3.1 and in part (i) of Theorem 3.3, except RN (as the source space) into Ω
and A(f ) into AΩ(f ). (In the proof of Lemma 3.1, just let Um := Ω \Ωm where (Ωm) is the sequence used in (5.1).)
Thus, if the topologically regular points of f are dense in Ω and if Per(f ) is of first category in RN, then AΩ(f )
is of first category in RN. In particular, if Ω is connected, f is real-analytic in Ω and Df (x˜) is invertible for some
x˜ ∈ Ω, and if f−1(y) is finite whenever y is a regular value of f, then AΩ(f ) is of first category in RN. If Ω is not
connected, the invertibility must be required at one point of each connected component.
On the other hand, if f is semialgebraic, part (ii) of Theorem 3.3 continues to hold only if Ω is semialgebraic.
Then, with the notation used in the proof, the projection onto RN of G(f ) \G(f ) contains AΩ(f ) and coincides with
it if f is continuous (the only case of interest for degree purposes).
Corollaries 3.4 and 3.5 and Theorem 3.6 can of course be generalized. We omit the details for brevity. Theorem 4.1
and Corollary 4.2 remain true with RN replaced by Ω as the source space and A(f ) replaced by AΩ(f ). The same
modification is needed in Corollaries 4.3 and 4.4, plus the assumption that h(x)1+|f (x)| → 0 not only when |x| → ∞ but
also when x approaches ∂Ω.
Remark 5.1. Generalizations to the infinite-dimensional setting are possible as well, with the Brouwer degree re-
placed, for instance, by the Leray–Schauder degree (there are other options). However, in many concrete applications,
it is often difficult to obtain information about the size of the set A(f ), even for the simplest choices of nonproper f.
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